Recent theoretical simulations on the Glacial isostatic adjustment (GIA) have revealed that the model differences arising from considering mantle compressibility are not necessarily negligible if compared with the observation accuracy of present-day deformation rates. In this study, a compressible model is constructed for the GIA in southeast Alaska, and the uplift rate is compared with GPS data and the incompressible case for the first time. It is shown that, for Maxwell rheology, the incompressible model potentially underestimates the mean uplift rate by approximately 27% (4 mm/yr) with respect to the compressible case and the difference is detectable given observational precision. This difference between the compressible and incompressible models is reduced to 10% by matching the flexural rigidity of both earth models. When carrying out an * Corresponding author Email address: y-tanaka@eri.u-tokyo.ac.jp (Yoshiyuki Tanaka*)
Introduction
Ongoing uplift with rates amounting to 1 cm/yr have been observed in Northern America and Europe by geodetic measurements (e.g. Ekman and Mäkinen, 1996; Larsen et al., 2004; Sella et al., 2007) . The uplift is considered to result from the deformation of the solid Earth caused by Glacial isostatic 5 adjustment (GIA). Present-day deformation rates due to GIA have been theoretically estimated using physical models based on the viscoelastic response to space-time variations in surface ice sheet mass. In the models, the viscoelastic deformation is obtained by solving the governing equations including a quasistatic equation of motion and viscoelastic constitutive equations with bound-10 ary conditions for surface loading (Peltier, 1974) . Different model factors have been considered to improve theoretical predictions, such as more general treatments of geometry of the modeling domain, inclusion of self-gravitational effects, more complex rheology, finer distributions of the density, elasticity and viscosity within the Earth (e.g. Spada et al., 2011) . Using an inversion (Peltier, 1998) , 15 more important model factors and viscoelastic parameters such as the thickness of the lithosphere and the asthenospheric viscosity can be determined. Of the model factors described above, the inclusion of compressibility is still a theoretical issue (Cambiotti et al. 2013 ). In the presence of compressibility, dilatation modes and instability modes appear, which cause numerical difficulties 20 in calculating viscoelastic responses. Dilatation modes consist of a denumerably infinite set of eigenmodes. Various methods have been proposed to evaluate the dilatation modes (e.g. Fang and Hager, 1994; Hanyk et al., 1995; Vermeersen et al., 1996; Cambiotti et al. 2009; 2010a, b; Tanaka et al., 2009; . Instability modes appear on timescales of orders of magnitude larger than that of the 25 glaciation process when employing the density and elastic structure of PREM 2 (Dziewonski and Anderson, 1981; Vermeersen and Mitrovica, 2000) . The instability occurs when the radial profile of the density and elasticity structure includes a portion which does not satisfy the Adams-William condition (Bullen, 1975; Plag and Jüttner, 1995) . A first approach to avoid the instability is partly 30 changing the radial profile so that it satisfies the above condition. However, a modified profile becomes inconsistent with the result of the seismic wave observation in PREM. A second approach is to consider that the linearized governing equations, in which the second-order terms are omitted, should be applied only up to time scales before the instability starts to grow (Vermeersen and Mitro-35 vica, 2000) . This practical view allows us to simulate the GIA process without the above inconsistency. However, in which manner the instability modes behave after a certain time within a non-linear theoretical framework has not been confirmed.
With the advance of computational power, the use of finite-element methods 40 seems to have become more common in modeling GIA. The effects of compressibility are simulated in many studies employing such approaches (e.g. Geruo et al., 2012) . Still, few studies have discussed the effects of compressibility on the basis of a comparison between a regional GIA model and actual observation data. Tanaka et al. (2011) estimated the effects of compressibility on 45 the present-day global-scale deformation rates for PREM with Peltier (2004)'s ICE-5G (VM2) model, taking the above-mentioned second approach that does not remove the instability modes. They showed that the difference between the rates calculated for the compressible and incompressible cases was approximately 1-2 mm/yr in the polar regions. However, the result was not compared 50 with observation data.
The largest present-day uplift rate considered to be driven by GIA is found in southeast Alaska, amounting to approximately 30 mm/yr (Larsen et al. 2004 ).
The effects of compressibility are also expected to be the largest there. So far, the regional-scale GIA in southeast Alaska has been modeled for only the incom-55 pressible case (Section 2.3). In this short paper, the effects of compressibility on the GIA-induced vertical velocity field in southeast Alaska are investigated.
Using the method of Tanaka et al. (2011) , the compressible case is modeled for a radially stratified, self-gravitating viscoelastic Earth. By comparing the result with the incompressible case obtained in a previous study, the detectability of 60 the model differences is discussed. In this comparison, the necessity of the redefinition of the incompressible model is also emphasized. A more fundamental solution of the instability problem remains for future studies.
Model

Compressibility and flexural rigidity
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Before modeling, the definition of the effects of compressibility in this study is clarified. In the following, the Maxwell rheology is adopted, which has been widely used in the modling of GIA. The constitutive law for the compressible case is represented asτ
where τ and represent the stress and strain tensors, respectively, u denotes dis-70 placement, and λ, µ, K and η are Lamé's constants, the bulk modulus and the dynamic viscosity, respectively (Hanyk et al., 1995; Tanaka et al., 2011) . The bulk modulus is frequency-independent, while the two Lamé's constants are frequency-dependent (see, eq. (7) in Peltier, 1974) . In the compressible case, stress-induced density changes inside the Earth are allowed. In the incompress-75 ible case, the dilatation divu goes to zero (conservation of volume and density) and λ goes to infinity in such a way that the pressure increment (Π = λdivu) has a finite limit (Wu and Peltier, 1982) .
Suppose that the density and viscoelasticity structure are given and the present-day uplift rates are calculated for the compressible and incompressible 80 cases, using the same Earth model. An inversion is not carried out. Then, the effects of compressibility can be simply evaluated by subtracting the rate for the incompressible case from that for the compressible case. This comparison will be performed in Section 3.1. As the given Earth model, the viscoelastic paramters determined with GPS data in southeast Alaska for the incompressible model 85 (Sato et al., 2011 ) is employed.
Flexural rigidity (Lambeck and Nakiboglu, 1980) is also important when comparing compressible and incompressible models (see eq. (3) of Tanaka et al. (2009) for the definition). In the previous papers (Tanaka et al., 2009; , it was revealed that the difference in the predicted rates for the two cases is greatly The largest rate in the model is 12 mm/yr around 139
• W, 59.5
• N , which is not negligible, compared with the uncertainty. However, the deformation caused by the PDIM is modeled with an elastic deformation theory (e.g. Farrell, 1972) .
This means that the effect of compressibility is already considered in the elastic and Sato et al. (2012) . The reference frame uncertainty and the load deformation caused by the secular sea level variation on the vertical velocity field can also be neglected (±1 mm/yr and < 1 mm/yr, respectively) (Sato et al., 2011) . 
An overview of the modeling method
The present-day rate caused by post-LIA ice melting in southeast Alaska was modeled by Larsen et al. (2003 Larsen et al. ( , 2004 Larsen et al. ( , 2005 and Sato et al. (2011) for the incompressible case. The latter two studies constructed the rebound models with the TABOO software (Spada, 2003; Spada et al., 2003 Spada et al., , 2004 , which is 135 based on a radially stratified, self-gravitating viscoelastic Earth. The viscoelastic structure in Sato et al. (2011) was constrained by the GPS data obtained at more observation sites than in Larsen et al. (2005) . In the following, the compressible model is constructed in a manner which is as close as possible to the method described in section 4 of Sato et al. (2011) , and is compared with 140 6 their incompressible model. In some studies, viscoelastic structures with lateral heterogeneities are considered in modeling the global-scale GIA (e.g. Klemann et al., 2008; Geruo et al., 2012) . Still, estimating the effects in a 1-D case would be a necessary step before proceeding to investigating the effects in 3-D cases.
The spectral finite-element approach (Tanaka et al., 2011 ) is used for mod-145 eling the compressibile case. The governing equations are common to those used in TABOO except that volumetric change is allowed, which enables us to evaluate the difference arising only from the inclusion of compressibility. The relative accuracy of the numerical computation is considered to be better than a few per cent in estimating load Love numbers (Tanaka et al., 2011) , which is at 150 least an order of magnitude smaller than the expected effects of compressibility on the velocity field. respectively. The present-day rate is not sensitive to the viscosity in the lower mantle ( Fig. 9 of Sato. et al., 2011) , which is consistent with the fact that the theoretical model of Sato et al. (2011) considers the deformations with not only lower but also higher spherical harmonic degrees that correspond to 160 the contributions from the shallower portion of the mantle (Section 2.6). The density and elastic constants were based on PREM. In our study, the optimum structure obtained in their inversion is employed (Table 1) pressible model as already mentioned. Tanaka et al. (2009 Tanaka et al. ( , 2011 showed that the viscoelastic response to a surface load is governed by the flexural rigidity rather than the elastic constants. This implies that the effects of compressibility, in a physical sense, should be measured for models with the same flexural rigidity. In principle, the flexural rigidity in the incompressible model (Model I)
The viscoelastic structure
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should be adjusted as in Tanaka et al. (2009 Tanaka et al. ( , 2011 . However, this adjustment causes a discrepancy between Model I and the GPS data and an inversion using Model C is necessary. Our purpose, as a first step, is to estimate the effects of compressibility on regional GIA after the flexural rigidity is adjusted. Table 1 .
The ice load model
The same ice load model as in Sato et al. (2011) is used for the post- to the disk loads with the disk factors of Farrell (1972) . By superimposing the responses to the 536 disk loads, the vertical displacement rates in the year 2005.0 at 84 GPS observation sites are computed by a forward method. The rates at these sites were already used in the inversion for case B in Table 3 of Sato et al. (2011) , which gave better agreement with the present-day ice melting model 205 (UAF07). 7 sites included in case A of Sato et al. (2011) , which were used for a comparison with the previous ice melting model (UAF05) and were located at latitude greater than 60
• , were omitted.
Effects of compressibility
The case without the flexural rigidity adjusted 210
The rates computed with the method described above are compared with the vertical displacement rates shown in Fig. 1 (a) . The rates are obtained by subtracting the contributions of the PDIM and the LGM (Fig. 1 (b) ) from the above observation result. The effects of the PDIM and the LGM are those determined by the inversion in Sato et al. (2011) . In Fig. 1 (b) , the removed 215 effect of the LGM is less than 2 mm/yr over the entire area as described before.
Relatively large velocities seen in the northwestern part at latitude ∼ 59.5
• reflect the effects of the PDIM (see Fig. 1 of Larsen et al. (2005) and Fig. 3 (b) of Sato et al. (2011) ). Fig. 1 (a) shows that the residual rates at most sites distribute in the range of 10-20 mm/yr. 220 Fig. 2 shows comparisons between the rates in Fig. 1 (a) and the rates computed for Models I, C, and CF, respectively. A statistical analysis result for the differences between the observed rates and the models is shown in Fig. 3 and Table 2 . Comparing Fig. 2 (a) and (b), the result of TABOO (=Model I) fits better with the observed rates than Model C. This is natural because the 225 viscosity parameters were determined by the inversion so that the incompressible model explained the observation data. Fig. 2 (d) shows the residuals between the observation and the models. Compared with the white markers representing Model I, the more black markers for the compressible case lie below the zero line, which implies that the predicted rates for the compressible model are larger 230 than the observed ones. According to Table 2 , the increase in the velocity is 3.8 mm/yr on average, which amounts to 27% of 14.7 mm/yr, which is the mean of the observed rates excluding the effects of the PDIM and the LGM. The amount and sense of the increase is consistent with results of previous theoretical studies (Hanyk et al., 1995; Tanaka et al., 2009 Tanaka et al., , 2011 . The difference of 3.8 235 mm/yr exceeds the average observation error with 2.3 mm/yr, indicating that the effect of compressibility, when measured with respect to the incompressible case without adjusting the flexural rigidity, is detectable by the GPS network.
The spatial pattern in the difference between Models I and C is displayed in Fig. 4 (a) . From this figure and Fig. 3 (b) , the differences in the rates at most Model CF is almost the same as 3.3 mm/yr for Model I ( Table 2) . As a result, the shape of the histogram becomes extremely similar to that of Model I ( Fig.   3 (d) ). This follows that, when increasing the viscosity in the asthenosphere by 9.5%, the difference of 1.4 mm/yr in the mean velocity is resolved, which makes it hard to discern the difference between Model I and Model CF by observation.
265 Fig. 4 (b) shows the spatial distribution of the misfits. As confirmed in the statistical analysis, the difference from the incompressible case is greatly reduced by adjusting the flexural rigidity (compare with Fig. 4 (a) ). However, taking a closer look, the misfits are still relatively large in the northwestern area where the contribution of the PDIM is dominant (Fig. 5 of Larsen et al. (2005) ). This 270 is due to the fact that the uplift rate by the PDIM observed by GPS is so large in the Yakutat Ice Field that the rate computed by the model (UAF07) does not reproduce the contribution of the PDIM completely. A possible mechanism to explain the GIA process peculiar to Yakutat is discussed in Trüssel et al. (2013) . In the other areas, the difference between Model I and Model CF almost 275 disappears.
The ratio of gravity change rate to uplift rate
Using the method proposed by Wahr et al. (1995) , Sato et al. (2012) calculated the ratio of the gravity change rate to the uplift rate to discuss the present-day ice thickness changes. The effects of compressibility on the ratio 280 can be theoretically estimated by computing the ratios for Models I, C, and CF. Table 3 shows the result. The differences between I and C and I and CF are 4 × 10 −4 and 1 × 10 −4 µGal/mm, respectively, which are well below the standard deviation of 1 × 10 −3 µGal/mm. Considering that the standard deviation for the fitting residuals against the observed gravity change and uplift 285 rates was 0.052 µGal/mm (Sato et al., 2012) , the effects of compressibility on the ratio are negligible.
The horizontal velocity field
In the present study, the horizontal velocity field was not modeled. Horizontal rates in the study area observed by GPS are shown and interpreted in 290 Freymueller et al. (2008) and Elliott et al. (2010) . The rates range from a few mm/yr to 40 mm/yr, and the variation is mainly due to tectonic block motion.
The GIA-induced horizontal displacement rate estimated by TABOO is shown in Fig. 3 of Elliott et al. (2010) . The rates across Glacier Bay are 0.5-3 mm/yr.
It follows that expected effects of compressibility on the horizontal component 295 would be at most approximately 1 mm/yr, considering the effects on the load
Love number for the horizontal component (Tanaka et al., 2009) . To identify the difference of 1 mm/yr as the effects of compressibility in the above observed velocity field seems a challenge, considering the uncertainty of the reference frame
(1 mm/yr), the observation errors (1-2 mm/yr), and the modeling uncertainties 300 of the block motion (1-2 mm /yr) (Elliott et al., 2010) .
Conclusions
The vertical displacement field in southeast Alaska caused by the glacial rebound due to the post-LIA melting was modeled. For the compressible case, the method of Tanaka et al. (2011) was applied to a spherically symmetric, The viscoelastic structures used in the modeling. ρ(r), µ(r), and η(r) in layer 1-6,
representing the values for R 1 ≤ r ≤ R 2 , where r is the radius, agree with the optimum parameters of Sato et al. (2010) . λ is computed by the volume average of PREM as for the density and the rigidity. In Model CF, where the flexural rigidity is adjusted, the elastic constants within the lithosphere are replaced with those shown in the last raw.
Layer R 1 (km) R 2 (km) ρ (kg/m 3 ) λ (GPa) µ (GPa) η (Pa·s) Obs-Model C -3.8 3.9
Obs-Model CF -1.4 3.4 
